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Regularized Lienard-Wiechert fields in a space with torsion
Vladimir V. Kassandrova,1 and Joseph A. Rizcallahb,2
a Institute of Gravitation and Cosmology, Peoples’ Friendship University of Russia, Moscow, Russia
b School of Education, Lebanese University, Beirut, Lebanon
A natural modification of the equations of covariantly-constant vector fields (CCVF) in Weyl geometry
leads us to consider a metric compatible geometry possessing conformal curvature and torsion fully deter-
mined by its trace. The latter is interpreted as a form of the electromagnetic (EM) 4-potentials and, on
a fixed metric background, turns out to be fully determined by the CCVF equations. When the metric
is set Minkowskian, the named equations possess two topologically distinct solutions, with the associated
EM fields being asymptotically of the Lienard-Wiechert type and having distributed sources, with a fixed
(“elementary”) value of the electric charge. One of the solutions is everywhere regular, whereas the other
- singular on a 2-dimensional shell. The speed of propagation of EM fields depends on the local charge
density and only asymptotically approaches the speed of light.
1 Introduction
It is well-known, that all attempts to construct
a successful geometric theory of electromagnetism,
beginning with Weyl’s unified theory [1], have met
with failure. In particular, Einstein’s dream [2] of
describing elementary particles by means of nonsin-
gular solutions of nonlinear differential equations 3
still awaits its neat realization.
An ambitious version of such a geometric uni-
fied field theory set out to obtain two distinct types
of regular solutions (with different masses), corre-
sponding to one and the same in magnitude “ele-
mentary” electric charge which could be interpreted
as the “positive and negative electron” [3, p. 191],
to use the terminology of the time. According to
Einstein, it is the overdetermined structure of the
fields’ differential equations that could give rise to
the discreteness of the particles’ physical charac-
teristics [4] (see also [3, p. 197]), primarily the
“quantum” of charge. Nothing of the sort has been
achieved, neither in Einstein’s time (see, e.g. [3,5])
nor at present.
However, forgoing the canonical Lagrangian ap-
proach and alternatively seeking field equations
within purely geometric structures, in particular
among covariantly-constant vector fields [6, p. 553],
may provide new insights and bring us one step
closer toward the realization of the aforementioned
1e-mail: vkassan@sci.pfu.edu.ru
2e-mail: joeriz68@gmail.com
3From a contemporary standpoint, Einstein’s views in-
volved soliton-like field distributions with finite energies and
other physical characteristics.
geometric program.
A covariantly constant vector field (CCVF) Kµ ,
in a space with affine connection Γρνµ , is one that
remains invariant under the parallel transport ef-
fected by Γρνµ in any direction. In other words,
the covariant derivative of Kµ with respect to Γ
ρ
νµ
must vanish:
∇νKµ := ∂νKµ − ΓρνµKρ = 0. (1)
A CCVF is closely related to the structure of the
space’s holonomy groups [7, 8]. In Riemann ge-
ometries, every CCVF is necessarily a Killing vec-
tor field, corresponding to some symmetry of the
metric gµν , which otherwise is left largely uncon-
strained.
By contrast, in Weyl geometry [1,9], when (the
conformal class of) the metric is fixed, the exis-
tence of a CCVF imposes stringent restrictions on
the nonmetricity vector Aµ identified tradition-
ally with the electromagnetic (EM) potentials. In
this case, the system of CCVF equations (and its
fundamental solution) possess an array of remark-
able properties [10]. In particular, in addition to
the classical invariance w.r.t. the conformal-gauge
transformation
gµν 7→ eλgµν , Aµ 7→ Aµ − 1
2
∂µλ, Kµ 7→ Kµ,(2)
inherited from the Weyl geometric structure itself
(λ = λ(x) being an arbitrary differentiable func-
tion of coordinates), the system (1) in Weyl space
exhibits an additional gauge invariance, which re-
sembles gauge symmetry in quantum mechanics,
2in the sense that only the CCVF and the non-
metricity vector are affected while the metric re-
mains intact.
Moreover, system (1) in a Minkowski met-
ric background admits a fundamental solution for
which the congruence of null CCVF reproduces the
null shear-free congruence of rays generated by a
point-like source on an arbitrary worldline. The
associated non-metricity vector Aµ gives then rise
to the well-known Lienard-Wiechert (LW) solu-
tion in classical electrodynamics, with the electric
charge being naturally fixed in value to ±1. As
it turns out [10], for the fundamental solution the
above mentioned additional symmetry is closely re-
lated to the reparametrization group of the point
charge’s worldline. On the other hand, the charge
“self-quantization” can be traced to the univer-
sality of the speed of light, with its sign being
associated with the retarded/advanced LW anzatz,
hence with the direction of the “arrow of time”,
in close analogy with Feynman’s well-known repre-
sentation.
Nevertheless, despite its mathematical elegance,
it is well known that Weyl’s unified theory, in its
classical form, encounters major interpretation dif-
ficulties, related primarily to the change of scale
upon parallel transport [5,11,12]. Since the origin
of most of these difficulties can be traced back to
the geometry’s nonmetricity, in the present paper
we attempt a CCVF in a different kind of geome-
try – the so-called Norden geometry [13] – which is
metric compatible, possesses conformal curvature
and allows a natural EM interpretation through
the trace of the torsion tensor [15,17].
The rest of the paper is organized as follows: in
section 2 we motivate and introduce Norden geome-
try through a natural modification of the system of
CCVF in Weyl space. In section 3 we explore some
generic properties of the solutions to the CCVF
equations in Norden space. Section 4 is devoted to
the fundamental solution of the system of CCVF
in Norden space and the associated regularized EM
fields of the Lienard-Wiechert type. We conclude
the paper in section 5 with a brief discussion of the
obtained results.
2 Norden geometry
Because of the space’s nonmetricity, for any vector
field Kµ which is covariantly constant in Weyl’s
space, both its contravariant counterpart Kµ =
gµνKν and its square K
2 := KµK
µ are not. Note
that the latter transforms according to K2 7→
exp (−λ)K2 under (2). To amend this ’asymme-
try’, we shall try to give up the conformal-gauge
invariance of Kµ in favor of the invariance of its
square K2 (compare with [9], where the length-
invariance has been ensured, more generically, by
defining of new parallel transport). This automati-
cally leads us to consider the following transforma-
tions (instead of (2)):
gµν 7→ eλgµν , Aµ 7→ Aµ − 1
2
∂µλ,
Kµ 7→ eλ/2Kµ, Kµ 7→ e−λ/2Kµ, (3)
and consequently entails the modification of the
CCVF equations, which should now be form-invariant
under the new transformations (3). It is straight-
forward to check that the equations
∂νKµ = Γ̂
ρ
νµKρ −AνKµ, (4)
and
∂νK
µ = −Γ̂µνρKρ +AνKµ
with Γ̂ρνµ = γ
ρ
νµ + Aνδ
ρ
µ + Aµδ
ρ
ν − Aρgνµ being the
Weyl connection (and γρνµ being the Cristoffel sym-
bols), are indeed invariant under the new transfor-
mations (3). The above equations define in fact
a new kind of CCVF with both its covariant Kµ
and contravariant Kµ components being covari-
antly constant with respect to one and the same
connection
Γρνµ = Γ̂
ρ
νµ −Aνδρµ = γρνµ +Aµδρν −Aρgνµ, (5)
which is no longer symmetric (in the lower indexes)
but, unlike Weyl’s connection, is compatible with
the metric:
∇ρgµν = 0, (6)
where ∇ stands for the covariant derivative with
respect to (5). In the mathematical literature, con-
nection (5) is said to define a semi-symmetric affine
geometry [13, p. 148].
We have thus naturally arrived at a CCVF set
up in an effective Riemann-Cartan geometry with
connection (5), compatible with the metric, and
possessing torsion of the special form
T ρ[νµ] =
1
2
(
Aµδ
ρ
ν −Aνδρµ
)
, (7)
3determined solely by its trace
T ρ[νρ] = −
3
2
Aν . (8)
In view of Aµ ’s transformational properties (3),
the latter may be naturally identified, up to a di-
mensional factor, with the components of the 4-
vector of potentials of an effective EM field Fµν =
∂µAν − ∂νAµ = ∇µAν −∇νAµ .
Moreover, using Γρνµ = Γ̂
ρ
νµ − Aνδρµ and the
conformal-gauge invariance of the Weyl connection
Γ̂ρνµ , one can easily see that, under transforma-
tions (3), connection (5) transforms in a gradient
fashion:
Γρνµ 7→ Γρνµ +
1
2
δρµ∂νλ. (9)
Notwithstanding, the curvature corresponding to
(5) turns out to be conformal. This becomes man-
ifest from the structure of the curvature tensor
Rµναβ = R̂
µ
ναβ − δµνFαβ , which differs from Weyl’s
(conformal) curvature tensor R̂µναβ by the evi-
dently conformal-gauge invariant δµνFαβ . The in-
variance of curvature under (3) was first established
in [14], using fiber bundle considerations, while an
EM interpretation of the underlying geometry was
offered some time later [15] within a Lagrangian
framework. We therefore see that a unified field
theory based on Norden’s geometry can reproduce
many remarkable features of Weyl’s celebrated the-
ory, while at the same time does not suffer from
the notorious shortcomings of the latter.
3 Covariantly constant vector
fields in Norden space
We now turn to the properties of the solutions of
(4). First of all, it is worth mentioning that these
equations are regarded as a self-consistent system
of PDEs from which both the CCVF Kµ and the 4-
vector potential Aµ are to be determined, while, at
this stage, the metric gµν is assumed to be given
(up to an arbitrary conformal factor). Thus, the
CCVF system comprises 16 equations for 4 + 4 =
8 unknown functions, and so is overdetermined.
As we shall see later, this, among others, leads
to “quantized” sources of the EM fields associated
with the solutions of (4).
Writing (4) out and rearranging terms we find
Kµ;ν = AµKν − (AρKρ)gµν , (10)
where the semicolon denotes the Riemann covariant
derivative w.r.t. the Cristoffel symbols. Contract-
ing (10) with Kµ we readily see that KµKµ;ν = 0,
so that every solution Kµ of (10) necessarily has a
constant norm, which may or may not be null and
which, in view of transformations (3), provides a
global invariant characteristic of the solution Kµ .
Contracting (10) with Kν we find
Kµ;νK
ν = (KνKν)Aµ − (AνKν)Kµ,
so that every null CCVF (KνKν = 0) in Nor-
den’s space corresponds to a null geodesic congru-
ence in the underlying Riemannian space. More-
over, taking the antisymmetric part of (10) we get
K[µ;ν] = A[µKν] , which implies that Kµ = λ∂µψ
for some scalars λ and ψ [6, p. 68]. Therefore,
any solution Kµ of (10) defines a non-rotating con-
gruence, which is also geodesic, in the sense of the
underlying Riemannian geometry, if and only if it
is null.
As to the EM potential Aµ and the associated
EM field strength tensor Fµν , the integrability con-
ditions of (10) give
RµναβKµ = 0, (11)
with Rµναβ := gµτR
τ
ναβ being the sum of the
Riemann-Christoffel curvature tensor R¯µναβ plus
a non-Riemann part R˘µναβ of the form
R˘µναβ = Aµ;αgνβ −Aµ;βgνα +Aν;βgµα
−Aν;αgµβ +AµAβgνα −AµAαgνβ
+AνAαgµβ −AνAβgµα
+AλAλ(gναgµβ − gµαgνβ),
which is also antisymmetric in the first and last
pairs of indexes. Separating the fully antisymmet-
ric part of (11), by contracting it with the fully
antisymmetric tensor ǫτναβ and noting the cyclic
relation R¯µναβ + R¯µαβν + R¯µβνα = 0, we find
F˜µνKν = 0, (12)
where F˜µν is the 2-form dual to Fµν corresponding
to a solution Aµ of (10). From (12) it follows that
Fµν = ω[µKν], (13)
for some ωµ , and consequently
F˜µνFµν = 0. (14)
4In the special case of a Minkowskian background
with metric gµν(x) = ηµν this implies
~H = ~n× ~E ⇒ ~n · ~H = 0, ~E · ~H = 0, (15)
where ~E and ~H are the effective electric and mag-
netic field strengths and na = Ka/K0, a = 1, 2, 3,
assuming K0 6= 0.
Maxwell’s vacuum equations, which we consider
to be Fµν;ν = 0 (rather than ∇νFµν = 0, which are
not conformal-gauge invariant), do not hold for ev-
ery solution of (10). Nevertheless, we can adopt
a different perspective and consider the first and
second pairs of Maxwell’s equations as the defini-
tions of the EM-fields through potentials and a con-
served current-density 4-vector, respectively. From
this standpoint, Maxwell’s equations with the cor-
responding source will hold identically for every so-
lution of the CCVF system. This approach to the
dynamics of EM-fields seems quite legitimate, pro-
vided the CCVF system (10) admits fundamental
solutions of the Coulomb type, i.e. solutions for
which the current-density 4-vector asymptotically
vanishes and the fields exhibit the correct multi-
pole structure. This will be established in the next
section.
4 The fundamental solution
Here, we shall derive a class of solutions of the
CCVF system using a construction generalizing the
one used to obtain the Lienard-Wiechert fields in
classical electrodynamics. To this end, consider
an arbitrary worldline ξ(τ) in (non-flat, due to a
nonzero torsion) Norden space with a Minkowskian
background metric gµν = ηµν = diag{−1, 1, 1, 1}.
For a space-time point xµ the two-sheeted hyper-
boloid/light cone equation
XµX
µ = ±b2, Xµ := xµ − ξµ(τ), (16)
where b is a real nonnegative constant, implicitly
defines the field τ = τ(x) (compare with [16], see
Fig. 1).
Differentiating (16) w.r.t. xµ , one obtains
∂µτ =
Xµ
P
, (17)
provided the quantity P := Xλξ
′λ (the analog of
the so called retarded distance [16, p. 121]) does
not vanish, where the prime ′ denotes differen-
tiation with respect to τ . Let us now use the
Figure 1: The two-sheeted hyperboloid defining
τ(x)
fields τ(x) and P (x) as generating functions for
the CCVF. Since Kµ is necessarily nonrotating,
one may try Kµ = P∂µτ = Xµ . Using (16), one
finds then for the derivatives of Kµ
∂νKµ = ∂νXµ = ηµν − ξ′µ
Xν
P
. (18)
Now the CCVF equations (10) should define the po-
tentials Aµ(x). To simplify calculations, let us first
satisfy the contracted equation ∂µK
µ = ∂µX
µ = 3.
Contracting the CCVF equations and comparing,
we arrive at the relation
AµXµ = −1, (19)
so that for the potentials Aµ(x) one may assume
the following Lorentz covariant ansatz:
Aµ = −
ξ′µ
P
= − ξ
′
µ
Xλξ′
λ
. (20)
Together with Kµ = Xµ this identically satisfies
the full CCVF equations (10), as one can readily
verify. Unlike the potentials Aµ , the components
Kµ of the CCVF are evidently defined up to a mul-
tiplicative constant.
It is noteworthy that equations (16), (17) and
(20) are reparametrization invariant, though, un-
like the situation in Weyl geometry [10], the 4-
potentials (20) do not transform gradient-wise un-
der the transformation τ 7→ σ(τ), so the reparametriza-
tion group is not explicitly related to the electro-
magnetic gauge group.
5Figure 2: The electric field E distribution
Moreover, the retarded (X0 = x0 − ξ0 > 0)
and advanced (X0 = x0 − ξ0 < 0) potentials cor-
respond to opposite unit charges in (20). A sim-
ilar result obtains in Weyl’s geometry [10]. This
common feature of both geometries seems to follow
directly from the structure of the CCVF equations
and automatically calls to mind Feynman’s well-
known particle/antiparticle representation.
For b = 0, on account of (16), (20) is identical
to the familiar Lienard-Wiechert potential, gener-
ated by a point source moving along the worldline
ξ(τ), with the principal difference that the corre-
sponding dimensionless electric charge is equal to
±1. In particular, for a source at rest the solution
reduces to the Coulomb solution with a unit charge.
On the other hand, for b 6= 0 (20) does not
generally satisfy Maxwell’s vacuum equations. As
mentioned earlier, in this case we regard the sec-
ond pair of Maxwell’s equations as the definition of
the current and charge densities. In the stationary
case, the simplest spherically symmetric solution
can easily be found [17]
K0 = ǫ
√
r2 ∓ b2, Ka = xa;
A0 =
ǫ√
r2 ∓ b2 , Aa = 0, ǫ = ±1. (21)
We thus obtain two topologically different types
of particle-like solutions, describing the electro-
static field of a distributed charged source. One
solution is soliton-like, with no singularities. The
corresponding electric field strength E and charge
density ρ are depicted in Fig. 2, 3. Note that E
attains a maximum at r = a = b/
√
2, which can
be regarded as the effective radius of the source.
The other solution is singular on the spherical shell
Figure 3: The electric charge density ρ distribution
Figure 4: The velocity v of EM signals vs. r
r = b . As r→∞ both solutions exhibit the correct
Coulomb asymptotic
A0 ≈ ǫ
r
, (22)
and, as with b = 0, their electric charge is fixed to
unity.
In the case of the regular solution, a rather un-
usual situation arises. If one assumes that the cen-
ter of charge is located at the origin r = 0, then
the time it takes a signal to propagate from the
origin to the field point ~r turns out to be a nonlin-
ear function of r , namely
√
r2 + b2 , bounded from
below by b . It thus follows that the speed of prop-
agation v is a function of r given by (see Fig. 4)
v = r/
√
r2 + b2
and ranges between 0, for very close to the center of
charge field points r → 0, and the “speed of light”
1, for very far ones r → ∞ . We can interpret
this fact as the presence of an effective field-like
6medium, which on the one hand, gives rise to the
source, and on the other hinders the propagation
of EM signals.
5 Conclusion
In the paper we present an alternative to Weyl’s
theory of electromagnetism, arising naturally from
the modification of the CCVF equations in Weyl’s
geometry. Unlike the latter, the obtained confor-
mal geometry - Norden’s geometry - is defined by
a metric connection and possesses a torsion tensor
fully determined by its trace, which we adopt as the
basic object for an EM interpretation of the theory.
The congruence associated with the CCVF,
characterized by the invariant and constant norm
KµK
µ , turns out to be nonrotating and in the
null case (b = 0) also geodesic in the sense of
the underlying Riemannian geometry. Although
Maxwell equations in free space don’t follow from
the considered CCVF system, the integrability con-
ditions of the latter restrict the associated 2-forms
to those for which the invariant F˜µνFµν vanishes
identically.
A straightforward modification of the well-known
light cone method based on the retardation equa-
tion is devised to arrive at the fundamental solu-
tion of the CCVF system in the special case of a
(conformally) Minkowskian metric. The EM struc-
ture associated with the solution is identified as a
deformed Lienard-Wiechert field of an arbitrarily
moving charge. Using this result, it is shown that
the CCVF system in Norden space offers various
descriptions of the particles’ structure, i.e. sources
of EM-fields. For b = 0 the Coulomb structure
of the fundamental solution dictates the classical
picture of a point-like source, whereas the nonnull
case (b 6= 0) provides two topologically different
types of distributed sources: a soliton-like ansatz
and a solution singular on a shell, both exhibiting
the correct Coulomb asymptotic. An unexpected
feature of the soliton-like solution is the depen-
dence of the speed of propagation of EM signals on
the properties of the effective medium, particularly
its charge density.
Although it is still premature to discuss the
physical significance of the obtained solutions, the
latter possess at least some of the remarkable fea-
tures anticipated by Einstein (see, e.g. [2,3]), most
notably, the nonsigular EM fields associated with
arbitrarily moving distributed sources and the emer-
gence, from an overdetermined system of field equa-
tions, of two asymmetric solutions with a Lienard-
Wiechert (Coulomb, in the static case) asymptotic
and “elementary” value of the electric charge. We
have also shown that the sign of the electric charge
is associated with the “arrow of time”, thus natu-
rally including the particle/antiparticle asymmetry
in the theory.
Finally, it is interesting that the difference in
the topology of solutions (21) may give rise to
very different masses of the corresponding parti-
cles. This issue, however, presupposes a complete
resolution of the general interaction problem. In
particular, it is necessary to augment the CCVF
equations to a full system, from which it would be
also possible to determine the metric (which we
have so far assumed to be Minkowskian). Some
of the problems arising in the search of such a
self-consistent approach (including agreement with
classical GR tests) are discussed in [10].
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